Abstract: A temporal and spatial simulation and design of nanoplasmonic laser based on a semiconductor nanodisk is presented in this paper. A body-of-revolution finite-differencetime-domain (BOR-FDTD) simulation incorporated with a semiclassical multilevel model for the semiconductor gain medium and Drude-Lorentz model for the metal is developed for an efficient simulation of disk/ring plasmonic laser. A nanodisk semiconductor-plasmonic laser with a radius of 35 nm is designed, and the spatial and temporal lasing performance is demonstrated numerically.
Introduction
A nanoplasmonic laser [or surface plasmon amplification by stimulated emission radiation (SPASER)] can have a deep submicrometer light spot (e.g., tens of nanometers) and can be used in nanoimaging, high-density data storage, and nanophotonic integrated circuits. Various nanolaser structures have been proposed and demonstrated either experimentally or numerically very recently including a core-shell, Fabry-Perot cavity, coaxial cavity, plasmonic crystal defect cavity, nanopatch, and bow-tie antenna structure [1] - [6] . In this paper, a semiconductor nanodisk as the gain medium surrounded by metal is considered as the nanocavity, which does not require a facet reflector and can be used as an on-chip source for nanophotonic integration. To design and simulate this nanodisk plasmonic laser and the lasing performance, the finite-difference-timedomain (FDTD) simulation is employed and incorporated with a semiclassical multilevel model for the semiconductor gain medium and Drude-Lorentz model for the metal in this paper [7] , [8] . This simulation approach differs from existing approaches in the published literature such as modal analysis using imaginary part of refractive index for the gain medium (which can be only applied in analysis of the nanolaser under the threshold), rate equations, and two-level quantum system analysis [9] - [11] . This simulation approach can provide a full electromagnetic spatial and temporal simulation of the lasing performance under and above the threshold.
To have a fast simulation of the nanodisk plasmonic laser with a good accuracy, the 3-D device can be first converted into a 2-D model through applying the effective index method in the vertical direction [12] , which is a popular method in simulating integrated photonic circuits with an in-plane light confinement. Directly simulating an active device in the 2-D model is still time consuming as it not only involves the calculation of carrier dynamics but also requires a much longer simulation time, e.g., tens or hundreds of picoseconds to reach the steady state as compared with the case of passive device. Applying the finite difference directly in the 2-D model to the nanodisk plasmonic laser will also generate the spike of the field due to the staircase gridding along the curved boundary between the semiconductor and metal [13] . To provide an efficient simulation platform and avoid the error caused by staircase gridding, body-of-revolution (BOR) FDTD is employed and combined with the gain medium and metal model for the nanodisk laser simulation, which converts the 2-D model to a 1-D problem in the radial direction. Detailed formulations of this simulation approach are presented in Section 2.
In Section 3, we use a nanodisk with semiconductor gain material of gallium arsenide and metal of silver as a numerical example. The nanodisk cavity is designed to have a resonant wavelength under the gain spectrum, and it gives a radius of 35 nm of the nanodisk. This nanodisk plasmonic laser gives the smallest footprint as compared with the semiconductor nanoplasmonic laser in the published literature. For this nanodisk cavity, we pumped the gain media and the lasing performance including field profile in the spatial domain and field evolution in the time domain, relationship between the pumping and field intensity, and also the lasing spectra demonstrated numerically. Conclusions are drawn in Section 4.
Formulation for Numerical Simulation of Nanodisk Laser
A nanodisk plasmonic cavity is schematically shown in Fig. 1 and the corresponding simulation of this nanodisk plasmonic laser consists of three aspects: 1) semiconductor gain medium model; 2) Drude-Lorentz model for the metal; and 3) spatial and temporal simulation of electromagnetic field of the nanocavity using BOR-FDTD. 
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To simulate the semiconductor gain medium, we employed the multilevel model developed in [6] , which can give a self-consistent calculation of the interaction between light and material. The basic idea for this approach is to divide the conduction and valence bands into a series of discrete levels. The carrier at each level will experience radiative interband transition, nonradiative intraband transition, and also the interaction with the electric field, as illustrated in Fig. 2 .
The corresponding rate equations for the carrier number in the conduction and valence bands are
where Nc j and Nv j are the carrier densities in the conduction and valance bands, respectively. j is the interband transition time, and c j;jÀ1 , c jÀ1;j , c jþ1;j , c j;jþ1 and v j;jÀ1 , v jÀ1;j , v jþ1;j , v j;jþ1 are the nonradiative intraband transition times. ðM À jÞW p is the pumping rate applying to the highest level. ! j is the atomic frequency for the jth pair of the dipole.Ã ÁP j is the product of the vector potential and induced polarization corresponding to the jth pair of the dipole. The corresponding update equation for the polarization is
where j is the dipole's dephasing rate, and j j j 2 is the matrix element. For the metal, the equation for the polarization component with the Lorentz-Drude model is
It gives the dielectric constant of metal
To implement the full-electromagnetic simulation, the above multilevel semiconductor gain medium model and Lorentz-Drude model are coupled with the Maxwell equations through the polarization as below
Directly applying finite-difference numerical scheme to this Maxwell equation for the simulation is not feasible in practice. One common approach to reduce the simulation time is to apply the effective index to convert the 3-D problem into a 2-D problem [12] . However, it is still quite time consuming even for the 2-D model as it typically requires simulation time of at least tens of picoseconds and a very fine meshing for finite-difference scheme. Another issue for this nanodisk plasmonic laser simulation is the curved boundary between the metal and semiconductor material. The staircase gridding will cause the spike of the field, which affects the accuracy of the simulation. To further reduce the simulation time and overcome the staircase effect, we implement the simulation with BOR technique, which was developed for simulation of device with axial symmetry.
In this paper, the BOR-FDTD was employed and combined with the above multilevel model and Drude-Lorentz model to realize the active plasmonic device simulation. Considering the 2-D model in the x Ày plane the above Maxwell equation with BOR can be written as
where m is the order in the azimuth direction. The electric field is updated through "ð@Ê r =@t Þ ¼ ð@D r =@t Þ À P M j¼1 ð@P r =@t Þ and "ð@Ê ' =@t Þ ¼ ð@D ' =@t Þ À P M j¼1 ð@P ' =@t Þ. In the practice, the nanoplasmonic laser is actually an open problem, which requires the boundary condition in calculation, such as the perfectly matched layer boundary treatment.
Numerical Design and Simulation Example
The nanoplasmonic laser design starts from the resonant wavelength calculation of the cavity to make sure that the resonant wavelength is within the gain spectrum of the semiconductor material [3] . The refractive index of the semiconductor material is chosen to be 3.5, and silver is chosen as the metal cladding, of which the parameters in the Drude model are " 1 ¼ 3:7, 1 ¼ 1:39 Â 10 16 , and À j ¼ 1=ð3:1 Â 10 À14 Þ. In the simulation, the grid along radial direction is chosen to be Ár ¼ 0:5 nm, and the time step is Át ¼ ðÁr Þ=ðc 0 ðm þ 1Þ, where c 0 is the light speed in free space. For the case of m ¼ 1, the BOR-FDTD simulation gives the spectrum responses of the nanodisk, as shown in Fig. 3 under different radii.
For this gallium arsenide material, the spectra of gain coefficient under different pumping condition can be calculated with the 1-D FDTD simulation combining with the gain medium model [14] . In the calculation, the conduction and valance bands are divided into 15 level pairs. Corresponding results shown in Fig. 4 Based on the simulation results of the resonant wavelength of this nanodisk cavity and the gain spectrum of the semiconductor material, the radius is chosen to be 35 nm for this nanoplasmonic laser in this numerical example.
For this nanoplasmonic laser simulation, a detector was put in the nanodisk to monitor the evolution of electric field in the time domain. Simulation of the lasing performance under different pumping rates is implemented with a simulation time of 60 ps for this numerical example. The intensity of the detector under different pumping rate is shown in Fig. 5 , which shows that the threshold of this nanoplasmonic laser is 5:5 Â 10 32 m À3 s À1 . Choose the pumping rate of 12 Â 10 32 m À3 s À1 as an example. The evolution of electric field of the detector in the time domain is shown in Fig. 6(a) . It can be seen that the electric field experiences the initial oscillations and approaches to the steady state. The spatial field distributions of the electric and magnetic field at 60 ps are shown in Fig. 6(b)-(d) , which shows that the field is well confined, and there is also no spikes at the curved boundary, as shown in [13] .
The spectrum of the lasing for this pumping rate is also shown in Fig. 7 through implementing the Fourier transformation of the field evolution given in Fig. 6(a) . For comparison, the resonant response of the cold cavity is also shown in Fig. 7 . It can be seen that the lasing spectrum has a much narrower bandwidth as compared with the spectrum response of the cold cavity and it also has a red shift in the spectrum due to the reduction of the refractive index of the semiconductor because of the carrier injection, as shown in [14] . 
Conclusion
We have presented a temporal and spatial simulation of nanodisk semiconductor plasmonic laser, which is based on a BOR-FDTD simulation incorporating with a semiclassical multilevel model for the semiconductor gain medium and Drude-Lorentz model for the metal. This method provides an efficient simulation of disk/ring plasmonic laser without the spike of the field caused by the staircase 
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Nanodisk Semiconductor-Plasmonic Laser gridding in the simulation. As a numerical example, the nanodisk semiconductor plasmonic laser with a radius of only 35 nm has been designed, and the spatial and temporal lasing performance has been demonstrated numerically.
